Abstract. The phase diagram and surface critical behaviour of the vertex-interacting self-avoiding walk are examined using transfer matrix methods extended using DMRG and coupled with finite-size scaling. Particular attention is paid to the critical exponents at the ordinary and special points along the collapse transition line. The question of the bulk exponents (ν and γ) is addressed, and the results found are at variance with previously conjectured exact values.
Introduction
Polymers in dilute solution are known to undergo a collapse transition as the temperature or solvent quality is changed at what has come to be known as the Θ-point [1] . Using universality arguments, it is reasonable to expect the thermodynamic behaviour of a lattice model to be the same as the continuum real system as long as the dimension of the system, basic symmetries and range of interactions are the same. Such lattice models (self-avoiding walks) have been used as models for real, linear polymers in solution for over three decades [2] .
The quality of the solvent may be introduced by the inclusion of short-ranged interactions in the model; typically an attractive energy is included for non-consecutive nearest-neighbour occupied lattice sites. This model is the standard Interacting SelfAvoiding Walk model (ISAW) or Θ-point model [1, 3] . The model has been shown to accurately predict the critical behaviour of a wide range of real linear polymers in solution, not only in the high-temperature phase, but also at the collapse transition, which occurs as the temperature is lowered, at the Θ temperature. The model is successful because it captures the strong entropic repulsion between different portions of the polymer chain (the self-avoidance), as well as the effect of the difference of affinity between monomer-monomer contacts and monomer-solvent contacts (attractive interaction).
Whilst the relevant physical dimension in polymer physics would usually be d = 3, the ISAW model has been much studied in two dimensions. This is partly motivated by the realisation that d = 3 is the upper critical dimension of the collapse transition, and that the model in two dimensions provides an interesting playground. In this paper we shall concentrate on the two-dimensional square lattice.
In the late eighties and early nineties there was much discussion about the universality class of the ISAW model, particularly with respect to the adsorption of the collapsing walk in the presence of an adsorbing wall [4, 5, 6, 7, 8, 9, 10] . For a while there was an apparent contradiction between a slightly modified walk model on the hexagonal lattice (the Θ ′ model) and the standard Θ model [4] . This contradiction arose in the surface exponents; the exact surface exponents from the Θ ′ point model were not the same as those calculated numerically for the Θ model [11, 12] . The apparent contradiction was resolved when it was realised that the exact solution of the Θ ′ model gives the exponents at the so called special point (where collapse and adsorption occur simultaneously) whilst the numerical calculations were at the ordinary point (where collapse occurs in the presence of the wall, but without adsorption) [9] . This was verified for both models at the two different points using exact enumeration [10] .
The debate over the Θ and Θ ′ models opened the debate over to what extent the nature of the collapse transition depends on the details of the model. Different models were examined, and a range of collapse transitions were observed. Blöte and Nienhuis introduced an O(n) symmetric model which in the limit n → 0 gives a bond selfavoiding walk model, which is allowed to visit sites more than once but not the lattice bonds [13] . The walk is not allowed to cross. Since the interactions are on the lattice vertex, we shall henceforth refer to this model as the vertex-interacting self-avoiding walk (VISAW). This model was shown to have a different collapse transition than the Θ point model, with different bulk exponents [14] ; the correlation exponents ν = 12/23 for the VISAW compared to 4/7 for the ISAW and the entropic exponent γ = 53/46 compared to γ = 8/7 for the ISAW. These exponents are conjectured based on a BetheAnsatz calculation of Izergin-Korepin model [14] , and to the best of our knowledge have not been numerically tested since their conjecture.
In recent years there has been a revival in another model with vertex interactions: the interacting self-avoiding trails (ISAT) model [15] . This model corresponds to the VISAW in which the no-crossing constraint is relaxed. Evidence was presented by one of us that the ν exponent was also given by ν = 12/23, whilst γ = 22/23 [16] . A similar situation occurs in the ISAW on the Manhattan lattice, where the walk can only go one way down a row or column of lattice bonds, but the allowed direction alternates from one row (column) to the next. Here too the correlation length exponent is the same as the normal ISAW one, but γ = 6/7 rather than 8/7 [17, 18] .
Recently the surface exponents of the ISAT model were calculated using transfer matrix calculations [19] . We propose here to similarly calculate the surface critical behaviour of the VISAW model. In the case of the VISAW model, the no-crosssing constraint allows us to extend the transfer matrix calculation using the related density matrix renormalisation group (DMRG) method introduced by White [20, 21] , applied to two-dimensional classical spin models by Nishino [22] and extended to self-avoiding walk models by Foster and Pinettes [23, 24] .
The finite-size calculations rely on results from conformal invariance, which lead one naturally to calculate the scaling dimensions x σ and x ε with fixed boundary conditions. Translating these to the more standard exponents requires a knowledge of ν. The value of ν arising from the transfer matrix calculation is at variance with the conjectured exact value for the model. We take the opportunity of extending the original transfer matrix calculation by Blöte and Nienhuis [13] . We find that, up to the lattice widths we attain, our best estimate for x ε = 0.155 as found by Blöte and Nienhuis [13] rather than the required x ε = 1/12 = 0.083333 · · ·. We conclude that either the finite-size effects are particularly severe with this particular model, or a more subtle effect is at play. Either way more work is required.
Model and Transfer Matrix Calculation
The model studied here is defined as follows: consider all random walks on the square lattice which do not visit any lattice bond more than once. The walk is not allowed to cross at doubly visited sites but may "collide". A collision is assigned an attractive energy −ε. The walk is allowed to touch, but not cross, a surface defined as a horizontal line on the lattice. Each step along the surface is assigned an attractive energy −ε S . For the transfer matrix calculation that follows, it is convenient to consider a strip of width L with an attractive surface both sides of the strip. This is not expected to change the behaviour in the thermodynamic limit L → ∞; the bulk critical behaviour should not depend on the boundary conditions and when calculating the surface critical behaviour, a walk adsorbed to one surface needs an infinite excursion in order to "see" the other surface. Additionally, the finite-size scaling results which link the eigenvalues of the transfer matrix to the scaling dimensions x s σ and x s ε (see (17) and (18)) rely on the conformal mapping of the half plane (one adsorbing surface) onto a strip with two adsorbing surfaces [25] . A typical configuration is shown in Figure 1 .
The partition function for the model is
where K is the fugacity, ω s = exp(βε S ) and τ = exp(βε). N is the length of the walk, N S is the number of steps on the surface, and N I is the number of doubly-visited sites. The average length of the walk is controlled by the fugacity K through
As K increases from zero, N increases, diverging at some value K = K ⋆ (ω s , τ ). To start we consider what happens in the absence of the adsorbing boundary. For τ small enough,
whilst for large enough τ the divergence is discontinuous. Whilst N is finite, the density of occupied bonds on an infinite lattice is zero, whilst once N has diverged, the density is in general finite. For small enough τ the density becomes non-zero continuously at K = K ⋆ and for large enough τ the density jumps at K = K ⋆ . K ⋆ may then be understood as the location of a phase transition, critical for τ < τ coll and first
The effect of the surface on the walk is to introduce an entropic repulsion, pushing the walk away from the surface. The number of allowed walks is reduced exponentially if the walk is constrained to remain near the surface, in particular if one or both ends of the walk are obliged to remain in contact with the surface. In this case the divergence of Z is modified, and two new exponents are introduced, γ 1 and γ 11 . Defining Z 1 and Z 11 as the partition functions for a walk with one end, and both ends, attached to the surface respectively, then:
Whilst the bulk exponents, such as ν and γ, are the same at an ordinary critical point and at the special critical point, the surface exponents γ 1 and γ 11 differ. The exponents ν, γ, γ 1 and γ 11 are related by the Barber relation [26] :
The partition function may be calculated exactly on a strip of length L x → ∞ and of finite width L by defining a transfer matrix T . If periodic boundary conditions are assumed in the x-direction, the partition function for the strip is given by:
The free energy per lattice site, the density, surface density and correlation length for the infinite strip may be calculated from the eigenvalues of the transfer matrix:
where λ 0 and λ 1 are the largest and second largest (in modulus) eigenvalues. Our first task is to find estimates of K ⋆ (ω s , τ ). An estimate for the critical point where the length of the walk diverges may be found using phenomenological renormalisation group for a pair of lattice widths [28] , L and L ′ . The estimated value of K ⋆ is given by the solution of the equation:
Both these methods give finite-size estimates K ⋆ L (ω s , τ ) which should converge to the same value in the limit L → ∞. Using Equation (4) at the fixed point defined by Equation (14), estimates for ν and the corresponding surface correlation length exponent, ν s , may be calculated using
The critical dimensions of the surface magnetic and energy fields may be calculated from the first few eigenvalues of the transfer matrix:
with λ 2 the eigenvalue with the third largest absolute value. The surface scaling dimensions x s σ and x s ε may be related to the surface correlation length exponent ν s and the exponent η , controlling the decay of the correlation function along the surface, through standard relations
The entropic exponent γ 11 is related to η through:
For a more detailed discussion of the transfer matrix method, and in particular how to decompose the matrix, the reader is referred to the article of Blöte and Nienhuis [13] . 
Results
The finite-size results obtained are, where possible, extrapolated on the one hand using the Burlisch and Stoer (BST) extrapolation procedure [29] and on the other hand fitting to a three point extrapolation scheme, fitting the following expression for quantity X L :
Calculating X ∞ , a and b require three lattice widths. The extrapolated values X ∞ clearly will still depend weakly on L, and the procedure may be repeated, however weak parity effects can be seen in their values, often impeding further reasonable extrapolation by this method.
Phase Diagram
The phase diagram is shown as a function of ω s and τ , projected onto the Figure 2 . K ⋆ is determined using equation (14) using two lattice sizes L, L + 1. The adsorption line is then fixed by the simultaneous solution of (14) for two sets of lattice sizes, L, L + 1 and L + 1, L + 2, so that each line requires three lattice sizes. The vertical line is fixed from the best estimate for the bulk collapse transition, here τ coll = 4.69 [23] .
In the adsorbed phase, shown in the phase digram in Figure 2 , the number of contacts with the surface becomes macroscopic, scaling with the length of the walk, and the density decays rapidly with the distance from the surface. For the Θ-point model it has been shown that there is another special line in the phase diagram separating the collapsed phase in two: for small enough ω s the collapsed walk avoids contacts with the wall, but for higher values of ω s the outer perimeter of the collapsed globule wets the surface, defining an attached globule "phase" [30] . To investigate the possibility of such a phase, we examine the order parameter for the adsorbed phase ( Figure 3 ) and the density of interactions one lattice site out from the wall (there are no interactions on the wall, since four occupied bonds must collide) (Figure 4 ). In the Θ-point model the presence of such a phase manifests itself by a plateau in the order parameter. Such a plateau exists, but starts at or below ω s = 1, indicating that the globule is probably attached for all attractive wall interaction energies. This is consistent with the plots of the normalised density of interactions. Both plots show crossings at a value of ω s consistent with the adsorption transition. We suggest that the entire phase is "surfaceattached", and so there is no additional line on the phase diagram shown in Figure 2 .
In Table 1 we locate the collapse transition in strips with fixed walls and ω s = 1. The collapse transition is determined as follows: solutions to the critical line K ⋆ L (τ ) are found by using the phenomenological renormalisation group on a pair of lattice widths (L and L + 1) and looking for crossings in the estimates for ν for consecutive pairs of L, L + 1. Since ν is different at the collapse point than along τ < τ coll and τ > τ coll lines, these estimates converge to the correct ν for the collapse transition. This gives us the following estimates: K coll = 0.3408, τ coll = 4.69 and η ord = 1.77, as well as ν coll = 0.572. It is noticeable that its value is much closer to that expected for the Θ-point model (ν Θ = 4/7) than the predicted value for this model (ν O(n=0) = 12/23). We shall see that, whilst the estimates for the other quantities of interest are remarkably stable, the estimates for ν coll seem rather sensitive to how they are calculated. We will return to this point later. In Table 2 we seek the special point along the collapse transition, in other words the point at which the extended, collapsed and adsorbed phases co-exist. A different set of critical exponents is expected. In order to find the special point, we need an extra lattice width; three are required to find ω ⋆ s (τ ) and a fourth is required to fix the collapse transition. We find K coll = 0.3408 and τ coll = 4.69 as in the case when ω s = 1. The special point is found to be at a value of ω sp s = 2.35 ± 0.01. The estimate of η sp is not very precise, but here seems to be around −0.06 → −0.07.
Results for the semi-flexible VISAW
The model may be extended by introducing different weighting for the corners and the straight sections. We follow the definitions in Reference [13] and add a weight p for each site where the walk does not take a corner (i.e. for the straight sections). As p is varied we expect the collapse transition point to extend into a line. It turns out that there is an exactly known point along this line. The location of this point is given exactly as [13] :
This gives exactly the location of the multicritical collapse point when p = p ⋆ = 0.275899 · · · as K coll = 0.446933 · · · and τ coll = 2.630986 · · ·. Using this exactly known point we hope to be able to extend the number of different data points and improve the precision of the determination for different surface exponents. In Table 3 we calculate estimates for η ord in two ways. Firstly we fix ω s = 1 and p = p ⋆ and determine K ⋆ by solving Equation (14) and determining the multicritical point by looking for crossings in the estimates for ν. Fixing the multicritical point this way requires three lattice sizes, L, L + 1 and L + 2. Estimates for K coll and τ coll calculated in this way are shown in the columns marked A and are seen to converge nicely to the expected values. The second method used consisted in fixing K, τ and p to their exactly known multicritical values, and fixing ω s to the ordinary fixed point looking for solutions to Equation (14) . This only requires two lattice widths, giving an extra lattice size. The values of η ord are shown as calculated from the two methods, and converge to values consistent with the p = 1 case.
In Table 4 we present results calculated fixing τ = τ coll and looking for simultaneous solutions of the phenomenological renormalisation group equation (14) . These solutions exist at two values of ω s , the ordinary and the special fixed points. The values of K coll , ω s and η are given for the two fixed points. Again agreement is found with previous values calculated. At the ordinary point the exponent ν s is expected trivially to take the value −1, and this was verified in the various calculations at the ordinary point, with good convergence. At the special point the correlation length along the surface is not expected to be trivial. In order to obtain the best estimate for this exponent we determined the location of the special point by fixing K, τ and p to their multicritical values and then determining the special point by looking again for solutions to the phenomenological renormalisation equation (14) , shown in Table 5 and using Equation (15) and Equation (16) . One may also obtain an independent estimate for ν s calculating the scaling dimension x s ε using (18) , from which ν s = (1 −x s ε ) −1 . The special point was determined using the odd sector of the transfer matrix, whereas the calculation of x s ε requires the even sector, so whilst the determination method only gives one estimate of η sp it gives two estimates (one for each lattice size) for the critical dimension x s ε . These different estimates are shown in Table 5 . The values of ν Table 1 ). The crossover exponent is calculated from the estimates found for each size φ s = ν/ν s , therefore the extrapolated value is only as good as the estimated values 
Extending the results with DMRG
One of the limitations of the transfer matrix method is the limited number of lattice widths that may be investigated. One way of getting round this problem is to generate approximate transfer matrices for larger widths. There exists a method of choice for doing this; the Density Matrix Renormalisation Group Method (DMRG) introduced by White [20, 21] , extended to classical 2d models by Nishino [22] and self-avoiding walk models by Foster and Pinettes [23, 24] . The DMRG method constructs approximate transfer matrices for size L from a transfer matrix approximation for a lattice of size L−2 by adding two rows in the middle of the system. This process is clearly local, whereas the VISAW walk configurations are clearly non-local. This problem is solved by looking at the model as the limit n → 0 of the O(n) model.
The partition function of the O(n) model is given by:
where G denotes the sum over all graphs containing loops which visit lattice bonds at most once and which do not cross at lattice sites and l is the number of such loops. N st Figure 5 . Local complex vertices for the DMRG method 
is the number of straight sections. In the limit n → 0 the model maps onto the expected model with the odd sector of the corresponding transfer matrix giving the walk graphs, as above. Viewing the model in this way enables us to map the loop graphs into oriented loop graphs. Each loop graph corresponds to 2 N loops oriented loop graphs. We associate different weights n + and n − for the different orientations, with n = n + + n − , and this enables us to rewrite the partition function as follows:
Whilst the weights n + and n − are still not local, they may be made local by realising that four more corners in one direction than the other are required to close a loop on the square lattice. If we associate α with each clockwise corner and α −1 for each anti-clockwise corner we find n + = α 4 and n − = α −4 , setting α = exp(iθ/4) gives:
The model studied here then corresponds to θ = π/2. The resulting local (complex) weights are shown in Figure 5 . Now that the vertices are local, the DMRG method may be applied. The vertices represented in Figure 5 may be most easily encoded by defining a three state spin on the lattice bonds, for the horizontal bonds the three states would be arrow left, empty and arrow right. For details of the DMRG method the reader is referred to the articles by White [20, 21] and Nishino [22] , but in essence the method consists in representing the 11 00 00 00 00 11 11 11 11 00 00 00 00 11 11 11 11 00 00 00 00 11 11 11 11 00 00 00 00 11 11 11 11 00 00 00 For small lattice widths this identification may be done exactly, and the interaction matrix may be chosen exactly, but for a fixed value of m there will come a stage where this procedure is no longer exact. At this stage the phase space in the m-spin representation is smaller than for the real system and an approximation must be made. Starting from the largest lattice width that may be treated exactly by the pseudo-spin system, two vertices are inserted in the middle (see Figure 6 ). The 3 × m states at the top of the system must be projected onto m states to recover a new pseudo-spin system. This must be done so as to lose the smallest amount of information, and this is where the DMRG method comes in. It turns out that the best change of basis is derived by constructing the density matrix for the top half of the lattice strip from the ground-state eigenvector by tracing over the lower half system. The density matrix is then diagonalised and the m basis vectors corresponding to the m largest eigenvalues of the density matrix are kept. There are two modifications on the basic method which improve the quality of the results obtained. The number of left arrow minus the number of right arrows is conserved from one column to the next, so the transfer matrix may be split into sectors which are much smaller than the original. Since the DMRG method may be viewed as a variational method, the quality of the results may be improved by using the scanning 
(or finite size method) DMRG method where once the desired lattice width is obtained one grows one half of the system and shrinks the other, whilst projecting as before, so that the exactly treated spins move across the system. As few as three or four sweeps is known to vastly improve the precision of the method [20, 21] . Clearly the precision of the method is controlled by m; the larger m the greater the information kept. In what follows we varied m up to values of m = 200 and verified that good convergence was obtained. This conditioned the lattice size we looked at in DMRG. Whilst physical quantities such as the density converge rapidly with m, scaling dimensions (which interest us here) converge more slowly. As a result the largest lattice width presented here is L = 20, which nevertheless corresponds to a good improvement For the DMRG calculation we fixed p = p ⋆ ; K = K coll ; τ = τ coll and used the solutions of Equation (14) to find the ordinary and special fixed points as well as the corresponding η . The x s ε were calculated from the even sector at these fixed points. In Figure 7 and Figure 8 we show the DMRG results along with the transfer matrix results for ω S and η for the ordinary and special points. We deduce for the ordinary point ω In Figure 9 we show the estimates for the scaling dimension x As discussed above, the calculation of the exponents γ 1 and γ 11 as well as φ s require a knowledge of the bulk exponents ν and γ. Whilst there are conjectured exact values for these exponents, and in particular the exponent ν = 12/23 is found to a good level of precision for the Trails model which tends to lend support to this value, the transfer matrix calculations for the VISAW walk model do not seem to reproduce the required values, Blöte and Nienhuis [13] find x ε = 0.155 rather than the required x ε = 1/12 for example. We extend the transfer matrix results for the periodic boundary conditions using DMRG, and find a result for x ε consistent with Blöte and Nienhuis [13] (see Figure 10 ). Further work is required to calculate the exponents by different methods, for example Monte Carlo, in order to understand the apparent differences in results which arise in the exponent ν. Either the differences are a result of particularly strong finitesize scaling effects, which is surprising since the surface exponents themselves seem to be remarkably stable in comparison, or perhaps an indication that the critical behaviour of this model is more subtle than initially thought. Either way the model warrants further study.
